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Abstract— We present an approach for simulating the
natural dynamics that emerge from the interaction be-
tween a flow field and immersed objects. We model the
flow field using the Lattice Boltzmann Model (LBM)
with boundary conditions appropriate for moving objects,
and accelerate the computation on commodity graphics
hardware (GPU) to achieve real-time performance. The
boundary conditions mediate the exchange of momentum
between the flow field and the moving objects resulting in
forces exerted by the flow on the objects as well as the
back-coupling on the flow. We demonstrate our approach
using soap bubbles and a feather. The soap bubbles
illustrate Fresnel reflection, reveal the dynamics of the
unseen flow field in which they travel, and display spherical
harmonics in their undulations. Our bubble simulation
allows the user to directly interact with the flow field
to influence the dynamics in real time. The free feather
flutters and gyrates in response to lift and drag forces
created by its motion relative to the flow. Vortices are
created as the free feather falls in an otherwise quiescent
flow.

Index Terms— Lattice Boltzmann Model, Force Evalua-
tion, Flow Field Interaction, Hardware Acceleration, Two-
way Solid-Fluid Coupling, Bubble Simulation, Feather
Simulation, Computation on GPU

I. I NTRODUCTION

The demand for increasingly realistic visual simula-
tions of complex phenomena is tremendous. The ultimate
goal is to bring the graphics alive so that trees sway in
the wind, flags flap, fluids flow, and hair flies. Faithful
simulation of these effects involve three essential ele-
ments: a flow field, object model(s), and the coupling
between them. The approach presented in this paper is
motivated by the recognition that to support interactive
simulations or respond to events occurring in the scene,
each of these three elements must be computed in real-
time. Furthermore, exhibiting realistic dynamics under
the broadest range of conditions, requires the use of
models that capture as much of the physics as possible.
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And, since boundary conditions largely define a flow
field while also playing an extremely important role in
object dynamics and coupling, it is essential to be able
to handle boundaries that have complex shapes and can
move.

In this paper, we present an approach for modeling
the interaction of a flow field with immersed solid and
deformable objects. Following our earlier work [36],
we model the flow field using the Lattice Boltzmann
Model (LBM), which is a relatively new computational
fluid dynamics (CFD) method [38]. Compared to other
CFD methods, LBM has the advantages of being easy
to implement, parallelizable, and able to handle complex
and moving boundaries [21], [23]. The objects we model
include soap bubbles and a free feather. We chose these
light objects to illustrate our approach because they can
float in air and their dynamics is visually interesting.
It is important to note however, that our method can
be applied equally well to massive objects and denser
flows such as water. Because we compute both the flow
field and the forces of interaction in real time, our
simulations can be interactive. Building on our previous
work, we achieve this by accelerating parallel LBM
computation on commodity graphics hardware [20]. In
a previous paper [36], we produced realistic-looking
simulations treating the bubbles and feather as light-
weight objects, neglecting their effect on the flow field.
In this paper, we extend our approach to include the
back-coupling by which immersed objects affect the flow
field. In particular, our new feather simulation shows the
interesting flow pattern that develops in an otherwise
quiescent flow field due to the falling feather.

Over the past decade, researchers have used a variety
of approaches to model the interaction of wind with
leaves, trees, grass, and human hair [12], [26], [27],
[29], [30], [37]. Specifically, Wejchert and Haumann
[37] developed an aerodynamic model for simulating
the detachment and falling of leaves from trees in a
wind field built from four basic flow primitives. Shinya
and Fournier [29] animated trees and grass blown by
complex flow fields by modeling the wind field in
Fourier space and then converting to a time-varying
force field. Using similar methods, Stam [30] animated
trees in turbulent winds. More recently, Perbet and Cani
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[26] simulated the movement of grass in a wind field
which was generated by combining procedural primitives
and an additional time-varying stochastic component.
Beyond the aforementioned approaches which do not
model the back-coupling of objects on a flow field, Zhu
and Peskin [39] implemented a computer simulation of
a flapping flexible filament in a flowing soap film using
the Immersed Boundary method. Foster and Metaxas [9]
also presented a method that captures the back-coupling
to realistically animate liquid surface dynamics. The
velocity and pressure fields are used to drive a height
field representing liquid surface. In contrast, we use a
CFD approach that naturally includes the back-coupling.
Although we illustrate our method using free objects, our
approach can accommodate a variety of object models
including the above. In this paper, we extend our earlier
work of LBM with the momentum-exchange method to
model the two-way coupling effect.

In recent years, the application of CFD methods for
solving the Navier-Stokes (NS) equations by graphics
and visualization researchers has led to significant de-
velopments in the visual simulation of gases and fluids.
In 1996, Foster and Metaxas [9] proposed a method
to realistically animate fluids and later presented a full
3D finite difference solution of the NS equations to
simulate the turbulent rotational motion of a gas [10].
In 1999, Stam [31] devised a fluid solver using semi-
Lagrangian advection schemes, a projection step to
ensure incompressibility, and an implicit treatment for
viscosity, producing compelling simulations of turbulent
flows. This method can achieve real-time speed on a low-
resolution lattice. Unlike the explicit finite-difference
approach, LBM, and many other methods, his approach
has no time step restriction, resulting in an uncondi-
tionally stable solver. Although numerical dissipation
causes the turbulence to decay too rapidly, Fedkiw et al.
[8] successfully addressed this issue by feeding energy
back into vortices using vortex confinement methods.
Recently, we introduced a different CFD method, the
LBM, to the graphics community in an effort to model
dynamic wind fields that respond to the motion of solid
objects [34], [35], [36]. We have chosen to pursue this
alternate approach because it provides good physical
accuracy, particularly with complex boundary geometries
[4], [22], [23], while being quite simple to implement
and amenable to hardware acceleration.

The remainder of the paper is organized as follows.
In the next section, we describe the LBM, flow-object
interactions, and simulation configuration. In Sections III
and IV, we present the models used for the soap bubbles
and the feather, respectively, and present the simulations
that illustrate their interaction with the flow field. The

implementation on graphics hardware and simulation
performance are described in Section V.

II. SIMULATING FLOW FIELD

We begin this section with a brief overview of LBM
and the Smagorinsky subgrid model. We then describe
the momentum exchange method by which the flow-
object interactions are obtained. We also provide an
explanation of the relationship between physical quan-
tities and simulation parameters. We close the section
with a listing of the steps that make up the complete
computational procedure.

A. Lattice Boltzmann Model

The LBM is a relatively new approach in CFD,
inspired by cellular automata, that models Boltzmann
particle dynamics on a lattice. In the case of a fluid,
for example, the Boltzmann equation expresses how the
average number of flow particles with a given velocity
changes between neighboring lattice sites due to inter-
particle interactions and ballistic motion. In the LBM,
the variables associated with each lattice site are the
particle velocity distributions that represent the proba-
bility of the presence of a flow particle with a given
velocity. The set of velocities in the model is discrete,
being defined by the number, orientation, and length of
lattice links. Particles stream between neighboring sites
synchronously in discrete time steps. Between streaming
steps, they undergo collision. As is common, we employ
the Bhatnager, Gross, Krook (BGK) model to represent
the collisions as a statistical redistribution of momentum,
which locally drives the system toward equilibrium [38].
As in kinetic theory, the collisions conserve mass and
momentum.

In contrast to iterative solvers that compute a steady
state, the LBM is an explicit time stepping procedure for
modeling time varying flows. It is second-order accurate
in both time and space, and in the limit of zero time
step and lattice spacing, yields the NS equations for an
incompressible flow. As a kind of explicit finite differ-
ence method, LBM is consistent for flows with low Mach
number (i.e., flow velocities small compared to the speed
of sound) and its time step is advection limited. Although
LBM is only conditionally non-linearly stable, it can be
enhanced to model flows with high Reynolds numbers by
incorporating a subgrid model that represents small scale
energy damping [14]. These, and many other properties
of the LBM, are elucidated in the insightful book by
Succi [33].

For our LBM simulations we employ the so-called
D3Q19 lattice, which is a 3D lattice with 18 links
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Fig. 1. The D3Q19 lattice geometry. The particle distributionfi is
associated with the link corresponding to theei velocity vector.

representing 19 velocity vectors (including the zero
velocity). As illustrated in Figure 1, this lattice includes
the center cell with zero velocity, the six nearest neighbor
axial links, and the twelve second-nearest neighbor links.
Stored at each lattice site are 19 particle distributions
associated with the 19 velocity vectors. We denote these
as fi where i identifies a particular velocity vectorei

among the 19. The macroscopic flow density,ρ, and
macroscopic flow velocity,u, are computed from the
particle distributions:

ρ(r , t) = ∑
i

fi(r , t) (1)

u(r , t) =
1

ρ(r , t) ∑
i

fi(r , t)ei (2)

Using the BGK single-time-relaxation model, the Boltz-
mann dynamics can be represented as a two-step process
of collision and ballistic streaming:

fi(r , t+) = fi(r , t)−
1
τ
( fi(r , t)− f eq

i (r , t)) (3)

fi(r +ei , t +1) = fi(r , t+) (4)

Note that we use the notationt+ to denote the post-
collision particle distribution. Also,f eq

i represents the
local equilibrium particle distribution, which is given by

f eq
i (ρ,u) = ρ(A+B(ei ·u)+C(ei ·u)2 +Du2). (5)

The constantτ represents the relaxation time scale that
determines the viscosity of the flow, whileA throughD
are constant coefficients specific to the chosen lattice
geometry. The equilibrium particle distribution comes
in as a consequence of the BGK collision model. It
is a local particle distribution whose value depends
only on conserved quantities - the macroscopic massρ
and momentumρu. Its form may be recognized as the

Taylor expansion of the 3D Maxwell velocity distribu-
tion to second order. Since the evaluation of Equations
1 through 5 requires only local particle distributions,
their acceleration on graphics hardware is efficient (see
Section V).

To achieve high Reynolds numbers flows without
incurring numerical instability, we use a Smagorinsky
subgrid model [14]. Since the roots of the numerical
instability lie in the inability of the LBM to represent
flow dynamics on scales smaller than the lattice spacing,
the subgrid model represents the influence of the unre-
solved scales by adding a positive eddy viscosity to the
kinematic shear viscosity. In so doing, the single-time-
relaxation approximation is abandoned and the value ofτ
is allowed to vary over the lattice. The reader is referred
to our previous work for the details [36]. Here, we simply
give the recipe.

We compute the non equilibrium momentum tensor
Π(1)

m,n, wherem andn represent Cartesian components:

Π(1)
m,n = ∑

i

cimci n( fi − f eq
i ) (6)

The magnitude of the local strain tensorS, is then given
by:

|S|=
−ν+

√
ν2 +18C2

√
Π(1)

m,nΠ(1)
m,n

6C2
. (7)

The Smagorinsky eddy viscosity, given byC2 |S|, where
C is the Smagorinsky constant (typically 0.04), is then
added to the shear viscosity to locally adjust the relax-
ation time:

τnew= 3(ν+C2 |S|)+
1
2

(8)

Since evaluating Equation 8 only involves local particle
distribution values, the model retains its parallelizability.
Although the simulations presented in this paper would
generally be stable even without the subgrid model,
by building-in an efficient implementation, we have
the ability to reach higher Reynolds numbers without
significantly sacrificing performance.

B. Interactions via Momentum Exchange

Interactions between an LBM flow field and an im-
mersed object result from the exchange of momentum
at their shared boundaries. In our previous work, we
have discussed boundary conditions at some length [36].
Here, we simply focus on the no-slip boundary condition
because of its role in the computation of the momentum
exchange.

For straight boundaries, the no-slip boundary condi-
tion expresses the requirement that the tangential com-
ponent of the flow velocity at the boundary match the
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Fig. 2. Diagram of the LBM lattice with a freely moving object.
The object boundary is represented by the blue rectangle. The red
dot in the middle of the object locates its center of mass.

velocity of the boundary. If the boundary is fixed in space
and located precisely half way between two neighboring
lattice sites, the no-slip condition is implemented with
a simple bounce-back rule: The post-collision particle
distribution fi

′ that would stream across the boundary
along link ei is bounced back along the same link in the
opposite directionei

′ =−ei . Thus fi
′(r , t +1) = fi(r , t+),

where the prime indicates the distribution associate with
the link ei

′. In the case of a moving object, to match
the velocity at the boundary, the bounced-back particle
distribution must also be adjusted to account for the
momentum imparted by the boundary. This may be done
following the approach of Ladd [18], which we describe
below.

The essential idea is to enforce the no-slip boundary
condition at a moving boundary, while maintaining the
conservation of mass and momentum. The reader is
referred to Figure 2, where we use a blue rectangle to
represent the outer boundary of a solid obstacle with
respect to the LBM lattice. Notice that the lattice extends
into the object. In fact, lattice sites on both sides of
the boundary are treated in an identical way. That is
to say, the volume interior to the object is also modeled
as “fluid”. Fortunately, the interior fluid fluctuations do
not affect the dynamics of the exterior fluid because
the boundary site update rules decouple them. It does,
however, eliminate problems that would otherwise arise
when the object moves and sites that were previously
fluid/solid change to solid/fluid.

Consider the two lattice sites located atr and r + ei

where the latter lies within the object and the link

between themei is cut at its midpoint by the boundary.
According to the usual LBM rule, the post-collision
particle distribution atr is given by Equation 3. In the
absence of the boundary, this distribution would stream
to the site atr +ei . If the boundary velocity is zero, it
is simply bounced back to the site atr . However, if the
object is moving, then the velocity of the point on the
boundary where it cuts the linkei is given by:

ub = U+Ω× (r +
1
2

ei −R) (9)

where U and Ω denotes the object’s linear velocity
and angular velocity, andR locates its center of mass.
The effect of the boundary velocity is to transfer some
momentum across the boundary so that the streamed
distribution is:

fi
′(r , t +1) = fi(r , t+)−2W

3
c2

ρ(ei ·ub) (10)

where the prime indicates the velocity distribution as-
sociated with−ei , andW is a constant associated with
the lattice velocity (for D3Q19,W = 1

18 for | ei |= 1 and
W = 1

36 for | ei |=
√

2). Note that these rules reduce to the
usual bounce-back rule in the case of a solid boundary
object at rest,ub = 0. As such, its accuracy degrades
whenever the boundary lies other than half way between
the fluid and the object sites. The accuracy can be im-
proved, however, by using one of the more sophisticated
interpolation schemes as found in Lallemand et al. [3]

Applying this bounce-back rule to the lattice sites on
both sides of the boundary produces a net momentum
transfer between the fluid and the solid site. The force
exerted on the boundary due to this change in momentum
is given by:

Fi(r +
1
2

ei , t +
1
2
) = (11)

2( fi(r , t+)− fi
′(r +ei , t

+)−2W
3
c2

ρ(ei ·ub))ei

where the timet + 1
2 indicates that the force occurs

between time stept and t + 1. The total force on the
object is thus obtained by summing the contributions
over all boundary sites:

F(t +
1
2
) = ∑

b
∑

i

Fi(rb +
1
2

ei , t +
1
2
) (12)

Similarly, the total torque on the object is given by:

T(t +
1
2
) = ∑

b
∑

i

(rb +
1
2

ei −R)×Fi(rb +
1
2

ei , t +
1
2
)

(13)
We are now in position to advance the object velocity and
angular velocity according to the equations of motion:

M
du
dt

= F I
dΩ
dt

= T (14)
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whereM and I denote the object’s mass and moment of
inertia, respectively. To avoid a “staggered momentum”
instability that can build up in the flow, it is advisable
to time-average the forces over two time steps:

F(t) =
1
2
(F(t− 1

2
)+F(t +

1
2
)) (15)

T(t) =
1
2
(T(t− 1

2
)+T(t +

1
2
)) (16)

Finally, the object’s velocity and angular velocity are
updated every other time step according to:

u(t +1) = u(t−1)+2
F(t)
M

(17)

Ω(t +1) = Ω(t−1)+2
T(t)

I
(18)

C. Simulation Configuration

To configure an LBM simulation, lattice parameters
must be related to physical values. The first step is to
choose the characteristic lengthL and speedU for the
flow. Typically L is chosen to be the size of the smallest
structure in the flow that one wishes to resolve, while
U is taken as the typical flow speed. These values are
used as reference values in order to non-dimensionalize
the LBM equations. To set theU properly, we make it
slightly larger than the fastest speed in the simulation.
(Making it too big will needlessly increase the Reynolds
number of the flow, whereas making it too small will pre-
vent the simulation from capturing desired flow speeds
and lead to instability.) Thus, for example, the velocity
U of Equation 2 is a dimensionless quantity whose
value in physical units should be understood to beUU .
Similarly, the particle densities in our LBM simulations
are defined with respect to a reference densityρre f (e.g.,
ρair ≈ 1.3kg/m3, ρwater ≈ 1000kg/m3). The reference
density is typically chosen to be slightly larger than that
of the flow medium. Finally, the reference mass is given
by mre f = ρre f L3.

Given the characteristic length and velocity, the size
of lattice spacing,∆x (the shortest distance between
neighboring lattice sites), and time step,∆t (the lattice
update time), must be selected so that the low Knudsen
number and low Mach number requirements inherent
in the LBM are respected. The Kundsen number,ε, is
defined as the ratio of collision time,tc to flow timeL/U ,
or equivalently, mean free path to characteristic length:

ε = tc
U
L

= ∆t
U
L

(19)

Note that in the right most expression we have made
use of the fact that, in the LBM, collisions occur once
per time step (i.e.,tc = ∆t). In practice, the restriction of

LBM to low Knudsen numbers means that the chosen
time step must be small compared to the characteristic
flow time.

The Mach number,M, is defined as the ratio of the
characteristic flow speed to the speed of sound,cs:

M =
U
cs

=
√

3U∆t
∆x

(20)

In the right most expression we have used the fact that
for the D3Q19 lattice,cs is related to the lattice speed,
c≡ ∆x/∆t, according tocs = c/

√
3. Physically, when the

flow speed exceeds the speed of sound, a shock occurs.
Computationally, the speed of sound represents the speed
limit for information propagation in the model. Since the
time step has already been chosen, the low Mach number
requirement gives a lower bound on the choice of the
lattice spacing. Obviously, the upper bound isL.

The chosen values for the lattice spacing and time step
define the lattice units of time and space, respectively.
That is,

∆xL = 1, ∆tL = 1 hence, cL = 1 (21)

where the subscriptL emphasizes the fact that these
values are expressed in lattice units. Because it simplifies
the computations, we implement our LBM simulations
in lattice units.

To choose a value for the BGK relaxation time,τL ,
we recall that it is related to the viscosity:

ν = c2(2τ−∆t)
6

(22)

Thus, setting the relaxation time is really a matter of
choosing the flow viscosity which, in turn, depends on
the desired Reynolds number,R. Recall that the Reynolds
number characterizes the relative importance of inertial
and viscous flow forces and is given by:

R=
U ·L

ν
(23)

To summarize, the procedure for setting up a simu-
lation to match a given physical situation proceeds as
follows:

1) Choose the characteristic lengthL and velocityU .
Example:U = 1m/s, L = 1m⇒ U/L = 1s−1

2) Apply the requirement for small Knudsen number
to select the physical length of the time step.
Example:ε� 1⇒ ∆t � L

U = 1s. Thus, we might
choose∆t = 0.01s.

3) Apply the low Mach number requirement to find
the appropriate lattice spacing. Example:M �
1⇒ ∆x�U

√
3∆t = 0.017. Thus, we must choose

within the range 0.017�∆x< 1. Hence, we might
choose∆x = 0.5m
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4) Choose the Reynolds number and then use it to
find the viscosity and the relaxation time scale.
Using lattice units,νL = UL ∆t

R ∆x2 andτL = 3νL +1/2.
Example:R= 100⇒ νL = 0.0004⇒ τL = 0.5+
0.012= 0.5012

D. Computational Procedure

The computation procedure underlying our simula-
tions involves the following series of steps:

0. Initialize LBM.
1. Perform collision.
2. Apply boundary update rules and compute the

forces between objects and the flow.
3. Perform streaming.
4. Compute macroscopic density and velocity.
5. Adjust relaxation time according to subgrid model.
6. Compute object physics.
7. Render scene.
8. Return to step 1.

III. SOAP BUBBLE SIMULATIONS

Much of the previous work on soap films, bubbles,
and foams focuses on the properties of bubble clusters
(see [6], [11], [15] and references therein). In contrast,
our focus is the interaction between a bubble and the
flow field. Bubble-bubble interactions, such as collisions,
are ignored and the soap film thickness is considered as
uniform.

We represent the bubble dynamics in terms of two
phenomena: transport and deformation. Transport results
from the forces exerted by the flow on the bubble and
also the body force due to gravity. From the LBM, we
know the force at the points where each link of the lattice
intersects the triangle mesh that represents the bubble
surface. Summing these gives the net force on the bubble.
Shape deformation results from the action of forces in the
bubble’s moving frame of reference. Given that we know
the forces at many points distributed over the surface, we
could have used a mass-spring or finite element model to
obtain the deformation. However, to give our simulation
better speed performance, we chose to model the shape
dynamics in terms of the spherical harmonics. In 1989,
Pentland and Williams [25] had used a similar kind of
modal analysis to break non-rigid dynamics into the sum
of independent vibration modes, to simulate deformation
in computer graphics.

The spherical harmonics represent the normal modes
of the sphere. In general, any square-integrable function
r(θ,φ), such as the one representing the bubble surface,
can be uniquely represented as a superposition of spher-
ical harmonics,Ym

l (θ,φ), where θ ∈ [0,π] is the angle

with respect to thez-axis andφ ∈ [0,2π) is the angle
measured from thex-axis in thex−y plane:

r(θ,φ) = ∑
l

∑
m

ρl ,mYm
l (θ,φ) (24)

Inverting allows the expansion coefficients to be com-
puted from the shape:

ρl ,m =
∫ 2π

0
dφ

∫ π

0
r(θ,φ)Ym∗

l sin(θ)dθ. (25)

For example, the shape of a bubble slightly squeezed
along thez-axis has the following representation in terms
of spherical harmonics:

r(θ,φ) = (r0−
δ2

6
)
√

4π Y0
0 (θ,φ)− 2δ2

3r0

√
π
5

Y0
2 (θ,φ)

(26)
where the coefficientr0 is the unperturbed radius andδ
is the magnitude of the deformation. The development
of this expansion relies on the small-amplitude condition
that δ� r0, hence “slightly” squeezed. Note that in the
case of no deformation,δ = 0, we recover the unper-
turbed spherical bubble shape sinceY0

0 (θ,φ) = 1/
√

4π.
Each spherical harmonic in the superposition repre-

sents a natural vibrational mode of the sphere. In terms
of these it is easy to represent the shape oscillations:

r(θ,φ, t) = ∑
l

∑
m

ρl ,mYm
l (θ,φ)e−iβl t (27)

The mode frequencies and decay rates, given by the
real and imaginary parts ofβl , respectively, depend
on the physical properties of the soap film [24]. In
general terms, however, the mode frequencies increase
with l , and modes having the samel but different m
oscillate with the same frequency. For the bubble, for
which the volume does not change as it oscillates, the
spherically symmetricl = 0 “breathing” mode does not
occur (i.e.,β0 = 0). The next higher order mode,l = 1,
the dipole oscillations, also do not appear since the center
of mass of a freely oscillating bubble (i.e., subject to
no external forces) does not move. Thus, we find that
the lowest order allowed mode for the free bubble is
l = 2. As can be seen from Equation 26, thel = 2
mode is clearly involved in the oscillations of the slightly
squeezed bubble. Although relaxing the small amplitude
approximation that led to that equation introduces higher
order modes, they appear with smaller amplitudes and
are therefore less noticeable. Hence, we capture most of
the oscillation dynamics by considering only thel = 2
mode in our simulations.

Snapshots of a multiple-bubble simulation made with
our earlier method are shown in Figure 3. The bubbles
are rendered using Cube Environment Mapping. This
technique computes visually satisfying reflections in
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(a) (b) (c)

Fig. 3. A sequence of snapshots taken from our multiple-bubble simulation made without considering the back-coupling of the bubbles
onto the flow. The streamlines show the flow pattern originating from a plane cutting through the most active flow region.

computer-synthesized environments without having to
trace a myriad of secondary rays as would be required
for ray tracing. The rendering is therefore fast. For the
polygonal model of our bubble, we only need to calculate
the normals and texture coordinates for each vertex
involved in surface deformation. This could be further
accelerated by executing it on the graphics hardware as
a stream computation.

In our earlier work we did not take into account the
modification of the flow due to the presence of the object.
Indeed, for very light-weight objects such as the soap
bubbles, the perturbation on the flow by the objects is
negligible. To compute the effect of the flow on them,
we considered the “virtual force” that would appear if
we imagined the bubble surface to be embedded in the
flow. From this perspective, the effect of the flow is two-
fold: It advects the object along the flow stream lines
and, as those stream lines converge and diverge, it causes
deformation. The former exerts no force on the object in
its moving frame of reference. Thus, we computed our
virtual force from the change in velocity of the flow
at the object surface in the object’s moving frame of
reference.

Despite the obvious limitations inherent in our earlier
approach, the simulation results were quite good. The
snapshots shown in Figure 3, demonstrate a cloud of
bubbles being blown in a dynamic flow field as large
vortices develop. The LBM lattice size was a modest
51× 27× 27 and we made all the bubbles the same
size to help the viewer judge their relative positions in
the scene. The flow pattern resulted from a low speed,
horizontally directed, inlet boundary defined over the
entire left vertical face of the flow volume. Another
smaller, but faster inlet located in the center of the
floor of the flow volume and directed vertically upward
created large vortices in the flow. A second small inlet
located near the lower edge of the left face of the

volume directed additional flow into the volume at an
angle of 45 degrees with respect to the horizontal. This
inlet was also the source of new bubbles during the
simulation. To help the viewer visualize the time varying
flow, Figure 3 shows the streamlines originating from
a plane passing through the most active flow region.
Away from this plane the flow is weaker. The pink
(light green) streamlines indicate upward (downward)
flow and gray streamlines indicate horizontal flow. The
bubbles near the strongest flow regions experience large
acceleration and deformation. In less active regions, the
bubbles simply drift and slowly fall under the influence
of gravity.

In Figures 4 and 5(b) we show snapshots from our
single bubble interactive simulation using the more so-
phisticated momentum exchange technique. The size of
the LBM lattice is a modest 80×40×40. The charac-
teristic flow velocity and length were chosen to be 5m/s
and 0.6m, respectively. For this simulation, the LBM
time step represents 0.001s, the lattice spacing represents
0.05m, and the Reynolds number is 100. The bubble is
6 lattice units in diameter (0.3m) with a mass of 300
(50g). On the faces of the LBM flow volume we have
defined out-flow boundaries to simulate an open volume.
Initially the flow is quiescent. The user perturbs the flow
by moving and triggering a spray-can. The can itself
is implemented as a texture-mapped polygonal surface
model, which presents a no-slip (curved and moving)
boundary to the flow. The can’s nozzle is represented as a
small tube approximately 6 lattice units in length and 3.6
units in diameter. The disk of lattice sites located roughly
half way down its length present an inlet boundary to the
volume. Texture splats [34] are used to make the air-jet
produced by the spray-can somewhat visible. The splats
are introduced at the nozzle when the sprayer is triggered
and advected by the LBM along the flow stream lines.
When their velocity decreases below a threshold value,
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(a) (b) (c)

Fig. 4. Soap bubble deformation and dynamics in response to the spray from the spray can.

the splats are removed. The user may spray from any
location and orientation by positioning and triggering
the spray-can, and then observe the bubble’s response
to the changes in the flow. In particular, the bubble may
be deformed and pushed away by a nearby burst of air.
The magnitude of the deformation (δ in Equation 26) is
made proportional to the net force on the bubble. This
deformation excites thel = 2 mode, which subsequently
decays as the bubble drifts away from the can. The
oscillation frequency and decay rate were empirically
chosen to approximate the behavior of real bubbles
observed in the laboratory. If the bubble drifts outside
the flow volume, it pops by simply disappearing.

There is little difference in the overall visual appear-
ance between our earlier and current bubble simulations.
This is because both use the same deformation and
oscillation model using spherical harmonics, and, the
bubbles do not significantly perturb the flow. The crucial
distinction between approaches becomes clear however,
when we look carefully at Figure 5. Figure 5(a) shows
a snapshot taken from a simulation using our earlier
technique in which the back-coupling of the bubble to
the flow is neglected, while Figure 5(b) shows a snapshot
taken from our current work. Because we now take full
account of the back-coupling, flow streamlines cannot
penetrate the bubble surface. In contrast to Figure 5(a),
therefore, the spray splats in Figure 5(b) cannot penetrate
the bubble.

IV. FEATHER SIMULATION

A feather is a branching structure developed on a
spine called therachis. From the rachis a number of
barbs originate. The collection of the barbs on each
side of the feather comprise twovanes[5]. Following
Streit and Heidrich [32], we model the structure of the
rachis and the contour of the left and right vanes with
three different Bezier curves. In order to construct each
individual barb, four control points are used:P0, P1, P2,

(a) (b)

Fig. 5. (a) Without back-coupling. (b) With back coupling. In
contrast to (a), the spray splats in (b) cannot pass through the bubble,
because we take full account of the back-coupling of the bubble on
the flow.

andP3. PointsP0 andP3 are located on the rachis and
the vane contour. PointsP1 and P2 are generated by
perturbing the positions of two points lying on the line
betweenP0 andP3 using a noise function. The bottom
fluffy part of the feather is modeled using a 3D noise
function.

In terms of rendering, our feather model with its many
barbs is similar to fur. Unfortunately, rendering fur is
computationally expensive. Kajiya et al. [16] presented

Fig. 6. A close-up view of our 3D texture rendered feather.
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(a) (b) (c) (d)

Fig. 7. A sequence of snapshots taken from our feather animation.

a method of ray-tracing fur with explicit geometric
detail represented as volume textures. Lengyel et al.
[19] introduced a real-time method for rendering fur on
surfaces of arbitrary topology. Recent work has shown
that real-time volume rendering of fur is possible on
programmable graphics hardware [7] [28] . Our approach
is to voxelize the whole feather model into a volume
texture and render it on GPU in real time. We also map
a texture onto the barbs to give the feather the desired
color and quality, as shown in Figure 6.

Free falling feathers illustrate complex flutter, tum-
ble, and gyration dynamics even in a stationary flow
field. The dynamics is made non-trivial not only by the
coupling of the lift and drag forces to the downward
and rotational motions, but also by the production and
influence of vortices that form near the feather’s edges.
Even for the simplified system of a thin, flat strip, the
effort to construct faithful physical models continues
to challenge researchers (see Belmonte et al. [1] and
references therein).

In our earlier work [36], we extended the 2D thin
strip model of Belmonte et al. to model the feather
dynamics in 3D. In that work, the role of the flow
field was simply to introduce an external force into
the dynamical equations. Although interesting feather
dynamics resulted, because the feather presented no real
boundary to the flow, that approach could not capture
the back-coupling of the feather on the flow field. In
particular, the model could not reproduce the vortices
created in the flow by the action of the feather. In this
work, we treat the feather as an object that does present a
true moving boundary to the flow, as described in Section

II-B. As a result, the natural flutter, tumble, gyration
dynamics emerge and vortices are created all in response
to local surface-flow interactions without the imposition
of additional physics.

In the LBM lattice, the surface of the feather is
represented as a triangle mesh defined by the shape
of the rachis and barbs. The density of the mesh is
defined to roughly match that of the LBM grid so as to
efficiently resolve the motion. As described in Section
II-B, the local forces of interaction between the feather
and the LBM particle populations are computed between
the collision and streaming steps. These forces are then
summed over the feather to find the net force, which is
then used to advance its linear and angular velocity.

Snapshots from our feather animation are shown in
Figure 7. In this simulation, the initial velocity of the
feather is zero and the flow field is quiescent. We used a
lattice size of 54×220×54 which easily accommodates
the feather in the horizontal plane while allowing a
greater vertical extent in which the feather falls. The
LBM time step was set to represent 0.01s and the lattice
spacing 0.037m. The Reynolds number was chosen to
be 1000. In lattice units, the feather measures 20×2.7
in size with a mass of 22 (2.7g).

For a 2D thin strip falling in a quiescent flow, two
distinct types of motion are observed - fluttering, a
kind of rocking motion, and tumbling, a kind of rolling
motion. Which of these actually occurs depends on the
Froude number,Fr, which represents the ratio of the
time scales associated with downward versus side-to-side
motion:

Fr = (
M

ρL2w
)

1
2 (28)
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Fig. 8. A snapshot of the feather as it falls through an otherwise
quiescent flow field. The streamlines, originating from a vertical plane
passing through the feather, illustrate the effect of the feather on the
flow. Red (green) streamlines indicate flow toward (away from) the
viewer.

In this equation,M is the mass of the strip,L andw are
its length and width andρ is the density of the flow field.
Belmonte et al. observed that flutter (tumble) occurs for
low (high) values ofFr with the transition occurring
at Fr = 0.67. Our 3D feather simulation corresponds to
relatively low Froude number (approximately 0.2). In
addition to flutter, we observe a third type of motion
which we call gyration. In gyration, the feather performs
a helicopter-like rotation as it falls. In our simulations,
it appears that flutter and gyration occur together.

Figure 8 shows the streamlines in a horizontal plane
containing the feather during its fall. The action of
the feather on the flow produces weak vortices. It is
the interplay between the feather motion and flow field
motion that automatically gives rise to the flutter and
gyration of the feather as it falls.

V. HARDWARE ACCELERATION

To accelerate the LBM computation, we use the graph-
ics hardware (GPU) as a SIMD computer, as we and
others have previously done [13], [20], [36]. Beyond our
previous work, we now also accelerate the computation
of momentum exchange, net force, and net torque on the
GPU. By taking advantage of the floating-point com-
putation and programmable capability available on the
new generation of GPUs, our accelerated computation
achieves essentially the same result as the CPU version,
but is 4-8 times faster on the examples tested.

Fig. 9. Each set of particle distributions having the same velocity
direction is grouped into a volume and every four volumes are packed
into one stack of 2D textures

As shown in Figure 9, all the particle distributionsfi
associated with the same velocity direction are grouped
into a volume and every four volumes are packed into
one stack of textures, since a texel has four components.
The equilibrium distributionsf eq

i are stored in the same
way. The macroscopic densityρ along with the three
components of the velocityu, are stored in one stack of
textures similarly. For the moving object that presents
a dynamic boundary to the flow, we initially estimate
the size of its bounding box and construct stacks of 2D
textures with that size to store the boundary variables.
These variables include flags that indicate whether the
corresponding lattice links intersect with the object sur-
face, and the boundary velocitiesub. Because the object
moves, at each time step, we recompute the boundary
variables on the CPU and write them into the textures
using the OpenGL function glTexSubImage2D(). Since
the polygonal models of the feather and bubble have
relatively small triangle numbers (40 for the feather
and 320 for the bubble) and their bounding boxes are
relatively small (123), the computation on the CPU and
the texture writing are very fast.

The computation of the flow field on the GPU is
implemented in several steps: (1) Compute the equi-
librium distribution values; (2) Compute collision; (3)
Apply the boundary conditions at the boundary links;
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TABLE I

SIMULATION PERFORMANCE

Simulation Lattice Size LBM Computation Boundary Motion Rendering Frame Rate
GPU : CPU [msec] CPU [msec] [msec] GPU : CPU [FPS]

Bubble 80×40×40 48 : 317 10 29 11.5 : 2.8
Feather 54×220×54 149 : 1308 5 10 6.1 : 0.76

(4) Stream the particle distributions; and (5) Compute
the macroscopic density and velocity. Since each step
involves local operations, each is written as a fragment
program that calculates the corresponding equation. The
fragment programs fetch the input variables from the
textures, execute the computation, and render the output
results into the PBuffer. The results are then copied back
to textures.

Because pixel read-back to the CPU is a slow op-
eration, we want to avoid reading back the particle
distributions. Therefore, in our simulation, we evaluate
the momentum exchange on the GPU and only read-back
the net force and net torque. As shown in Equations 10
and 11, the local forces and torques appear only on those
lattice links that intersect with the object surface. We
pack those lattice links in a 2D texture which is used by
a fragment program that computes the associated forces
by rendering a textured quadrilateral. The results are then
copied into another 2D texture. Next, thereductionoper-
ation computes the net force using the method described
by Bolz et al. [2] and Kr̈uger and Westermann [17].
The reduction is performed by rendering the textured
quadrilateral with half the dimension along either axis,
summing four elements. The final sum-reduction result
is obtained by applying this process repeatedly. The
net torque is computed similarly. Note that using this
method, we only need to read-back two floating point
numbers from the GPU. Finally, the dynamics of the
feather and bubble are computed on the CPU based on
these two variables.

Table I reports the performance of the single bubble
and feather simulations on a computer with a 2.53
GHz Intel Pentium 4 CPU and an NVIDIA GeForce
FX 5900 Ultra GPU. The third column compares the
running times of the GPU accelerated LBM computation
with the CPU software version. The LBM computation
includes both flow field computation and net force and
net torque evaluation. The results indicate that our LBM
computation on GPU gains a speedup factor of 6.6 for a
80×40×40 lattice, and 8.8 for a 54×220×54 lattice.
However, for the whole simulation, additional time is
required for computing the moving boundary variables

and object dynamics on the CPU, as well as for rendering
the results. We list these times in the fourth and fifth
columns, respectively. Summing up the times for LBM
computation, boundary motion, and rendering, we obtain
the time required for a whole simulation step. As shown
in the sixth column, for the bubble simulation, our GPU
accelerated version achieves an interactive speed of 11.5
frames/second. Comparing with the 2.8 frames/second
for the software version, we find the GPU speedup
factor is 4.1. For the feather simulation, the speed up
factor is 8. Since the LBM computation is done on the
GPU and the boundary motion is done on the CPU, the
performance could be slightly improved by overlapping
these computations.

VI. CONCLUSIONS ANDFUTURE WORK

In this paper, we simulated the interaction between a
flow field and free immersed objects. The flow field was
modeled using the LBM because it is simple to imple-
ment, can accommodate complex and moving boundaries
including the effects of local momentum exchange, and
can achieve real-time speed via graphics hardware ac-
celeration. We demonstrated our approach with detailed
simulations of soap bubbles and a feather. For the bubble
we used the lowest order, physically relevant, spherical
harmonic to represent deformation and oscillation. The
dynamics of the free falling feather is achieved entirely
from its interaction with the flow field. By computing the
momentum exchanged between the flow field and the ob-
jects we were able to not only calculate the forces exerted
by the flow on those objects, but also the back-coupling
on the flow. While our simulations focused on light
objects which may float in air, our method is perfectly
appropriate for heavy objects as well. We adopted the
new generation of graphics hardware with floating point
operations and also implemented a hardware accelerated
version of the momentum exchange, net force, and net
torque evaluation.

In the future, we would like to apply our method to
more sophisticated deformable object models, such as
mass-spring and finite element. We will also continue
to explore the tradeoffs between speed and precision
inherent in non-graphics computation on the GPU.
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